The in te gral so lu tion of one-di men sional heat con duc tion in a semi-in fi nite wall with con stant tem per a ture at its sur face has been re viewed and com pared with the ex act so lu tion for three tem per a ture pro files. Then, an en tropy gen er a tion anal y sis
In tro duc tion
Ther mo dy namic ir re vers ibil ity which is an in ev i ta ble phe nom e non in all types of thermal pro cesses is as so ci ated with en tropy gen er a tion or in other words the one-way de struc tion of avail able work. The most com mon source of ir re vers ibil ity in con duc tive sys tems is ther mal irre vers ibil ity due to the fi nite tem per a ture dif fer ences in ther mal con tacts. The grow ing need for higher qual ity per for mance in ther mal en gi neer ing sys tems have pro posed the sec ond law anal ysis as a great tool in im prov ing such sys tems.
Bejan [1] pi o neered the method of en tropy gen er a tion minimization (EGM) in var i ous con fig u ra tions and flow re gimes. In his book [2], he con ducted the sec ond law anal y sis of thermo dy nam ics via the minimization of en tropy gen er a tion for the sin gle phase con vec tion heat trans fer. Fowler et al. [3] used thermo-eco nomic anal y sis to study the op ti mal sizes of ge om etries with spec i fied ex ter nal forced in con vec tion heat trans fer. Shuja et al. [4] pre sented a thermo-eco nomic de sign and op ti mi za tion of fins with con stant cross-sec tional area. This thermo-eco nomic de sign con sid ered cap i tal costs and ir re vers ibil ity pen alty costs. Sahin [5] inves ti gated en tropy gen er a tion of a lam i nar flow in a tube with con stant wall tem per a ture. Also Esfahani et al. [6] in ves ti gated the re la tion among en tropy gen er a tion, ge om e try and fluid proper ties in the heat trans fer pro cess in cir cu lar pipes with con stant wall tem per a ture. They presented an op ti mum de sign based on min i miz ing ther mal and fric tional en tropy gen er a tion. Walsh et al. [7] de vel oped a quick, sim ple, and rel a tively ac cu rate method for the pre dic tion of en tropy gen er a tion in steady, two-di men sional, in com press ible, adi a batic bound ary layer flows of turbo ma chines, which gives both the dis tri bu tion and mag ni tude of the en tropy gen er a tion rate. Grif fin et al. [8] in ves ti gated the ef fect of Reynolds num ber, com press ibil ity and free stream tur bu lence on pro file of en tropy gen er a tion rate; in their re sults, in creased free stream tur bu lence had a greater ef fect on the gen er ated en tropy. It was ob served that the amount of entropy gen er ated in the tur bu lent bound ary layer was ap prox i mately equiv a lent for two tur bulence lev els at com pa ra ble Reynolds num bers.
Sim ple heat con duc tion prob lems may have an a lyt i cal so lu tions in sim ple ge om e tries, but the so lu tions are al ways in closed se ries form and do not give a rapid in sight of tem per a ture field be hav ior. On the other hand, this so lu tion may not be avail able in case of com plex ge om etries, mixed bound ary con di tions or non-lin ear source terms. Thus, ap prox i mate an a lyt i cal meth ods of so lu tion to heat con duc tion prob lems have re ceived con sid er able at ten tion for many de cades. One ap prox i mate so lu tion ap plied in a num ber of con duc tion prob lems is the heat-balance in te gral method first em ployed by Good man [9] [10] [11] to in ves ti gate a uni di rec tional melt ing prob lem. Since then, this method has been used ex ten sively in many prob lems of non-lin ear heat in put and in prob lems in volv ing tem per a ture de pend ant ma te rial prop er ties [12, 13] . One point worth dis cuss ing for all tem per a ture pro files gained by the in te gral method in a prob lem is that among sev eral as sumed tem per a ture pro files, which one is more sim i lar to the nat u ral shape of the tem per a ture pro file? In prob lems for which the ex act so lu tion is avail able, the ex act ness of the ap prox i mate tem per a ture pro files can be ex am ined sim ply by com par ing them to the ex act one. But when no ex act so lu tion is avail able for a prob lem, a pa ram e ter is needed to rep re sent the er ror of var i ous in te gral so lu tions avail able for the prob lem.
En tropy gen er a tion anal y sis of ther mal prob lems has been shown to be a good pa ram eter in the area of er ror es ti ma tion. Bejan [14] showed that the nat u ral shape of the ve loc ity and tem per a ture pro files of a two-di men sional tur bu lent jet is the one that min i mizes the to tal entropy gen er a tion rate. Esfahani et al. [15] ex am ined dif fer ent in te gral so lu tions in a flat plate bound ary layer and in tro duced en tropy gen er a tion anal y sis as a valid rep re sen ta tive of ex act ness of an ap prox i mate so lu tion. Later, Esfahani et al. [16] per formed an en tropy gen er a tion anal y sis of a two di men sional steady con duc tion prob lem and dis cussed the cor re la tion be tween the entropy gen er a tion and the av er age er ror. Hristov [17] per formed an en tropy gen er a tion of the heat-bal ance in te gral of Good man for two clas si cal prob lems with known ex act so lu tions to exem plify the sec ond law ap proach in de fin ing the ap pro pri ate ex po nent n as sumed in the tem pera ture pro files.
Since the ap pli ca tion of en tropy gen er a tion in er ror es ti ma tion of prob lems has not been stud ied for a wide range of prob lems yet, in the pres ent work, the ob jec tive is to fo cus on er rors of the so lu tions gained by ap ply ing an in te gral method on a well known con duc tion problem of con stant sur face tem per a ture for three tem per a ture pro files. This clas si cal prob lem is selected as the ex act so lu tion is avail able and the com par i son be tween the ap prox i mate and the exact re sults can be made. Then, an en tropy gen er a tion anal y sis of the prob lem is made which is fol lowed by in tro duc ing a nor mal ized en tropy gen er a tion. It is found that the nor mal ized rate of en tropy gen er a tion be haves in the same man ner as av er age er ror cal cu lated for each ap prox imate so lu tion.
Gov ern ing equa tions
A thick wall, ini tially at uni form tem per a ture T i , is sud denly brought into con tact with a warm steam of tem per a ture T 0 . Per fect ther mal con tact is as sumed to ex ist be tween the wall and the steam. As time pro gresses, the part of the wall ad ja cent to the side in con tact with the fluid warms up. The math e mat i cal model for the prob lem is
with the fol low ing bound ary con di tions
Due to the pre scribed bound ary con di tions, two so lu tion meth ods are ap plied. The first is the sim i lar ity method which will re sult in an ex act so lu tion, and the sec ond is the in te gral method which is an ap prox i mate so lu tion.
Sim i lar ity solution
The ex act so lu tion of the prob lem via the sim i lar ity so lu tion method can be found in [18] as be low:
where q and h are the dimensionless tem per a ture and the dimensionless length, re spec tively, and are in tro duced as:
In te gral so lu tion
The sim plest tem per a ture pro file can be a first de gree poly no mial as sumed as:
Ap ply ing the two bound ary con di tions pre sented in eqs. (2) and (3) on eq. (7) will result in the fol low ing ex pres sion for the tem per a ture pro file:
The length of the tem per a ture do main (d) in eq. (8) is de fined writ ing the in te gral form of the en ergy equa tion. How ever, the as sump tion of a lin ear tem per a ture pro file will re sult in a con stant d which is not phys i cally ac cept able as it var ies with time.
There fore, putt ing one step for ward, a sec ond de gree poly no mial ex pres sion for the tem per a ture pro file can be as sumed as:
Three bound ary con di tions are re quired for the eval u a tion of the un known con stants in the tem per a ture pro file. Bound ary con di tions (2) and (3) yield two of the con stants while the third one is ob tained re al iz ing that:
Thus, the so lu tion for the tem per a ture pro file is de fined as:
As sum ing a third de gree poly no mial ex pres sion for the tem per a ture pro file as:
four bound ary con di tions are re quired for the eval u a tion of the un known con stants in the temper a ture pro file. Bound ary con di tions (2), (3), and (10) yield three of the con stants while the last one can be ob tained writ ing an en ergy equa tion ei ther at x = 0 or x = d, re spec tively as: ¶ ¶ There fore, the so lu tion for the tem per a ture pro file is fur ther di vided into two cat e gories re gard ing eqs. To com pare the three in te gral pro files with the ex act so lu tion, an av er age er ror is in troduced as:
The pres ent study tries to in tro duce a pa ram e ter which can eval u ate the er ror be hav ior of the ap prox i mate so lu tions. Esfahani et al. [15] showed the va lid ity of en tropy gen er a tion anal y sis in de ter mi na tion of the most ac cu rate tem per a ture and ve loc ity pro files in the flat plate bound ary layer. Also, Esfahani et al. [16] per formed an en tropy gen er a tion anal y sis of a two-dimen sional steady con duc tion and dis cussed the cor re la tion be tween the en tropy gen er a tion and the av er age er ror. Here, the en tropy gen er a tion of the ap prox i mate so lu tions re lated to three temper a ture pro files is com pared with the av er age er ror.
En tropy gen er a tion
It is easy to show that the rate of one-way de struc tion of use ful work in an en gi neer ing sys tem, W lost , is di rectly pro por tional to the rate of en tropy gen er a tion:
where T 0 is the ab so lute tem per a ture of the am bi ent res er voir (T 0 = con stant). As sum ing a finite-size con trol vol ume at an ar bi trary point in a two di men sional con vec tive field and ap ply ing the sec ond law of ther mo dy nam ics, the en tropy gen er a tion per unit time and per unit vol ume, ¢¢¢ S gen , is de fined as: 
where k and m are the con duc tiv ity and vis cos ity of the fluid, T rep re sents the ab so lute tem per ature of the point where ¢¢¢ S gen is be ing eval u ated [2] . In the cur rent study, at ten tion is fo cused only on dif fu sion of en ergy in the x-di rec tion. There fore, the above re la tion re duces to:
This source of en tropy gen er a tion is called ther mal en tropy gen er a tion. As it is seen, the en tropy gen er a tion de pends on de ter mi na tion of the tem per a ture pro file. On the other hand, the tem per a ture pro file de pends on the method of so lu tion, which was re viewed in the pre vi ous sec tion.
Fur ther more, a non-di men sional en tropy gen er a tion is in tro duced as: and the av er age nor mal ized en tropy gen er a tion is de fined as:
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In the fol low ing sec tion, at ten tion is fo cused on en tropy gen er a tion be hav ior of the approx i mate so lu tions as well as the ex act one and a cor re la tion is found be tween en tropy gen er ation and the av er age er ror of the ap prox i mate so lu tions.
Re sults and dis cus sion
In the cur rent study, en tropy gen era tion is ex am ined in two dif fer ent ways; firstly we con cen trate on the local be hav ior of non-di men sional entropy gen er a tion, and sec ondly the cor re la tion be tween the av er age normal ized en tropy gen er a tion and the av er age er ror is dis cussed.
Fig ure 1 dem on strates the tem pera ture pro files of the in te gral so lu tion as well as the ex act so lu tion. It is seen that the ap prox i mate tem per a ture profiles dif fer from the ex act one in the whole do main. This is ex pected as the sim pli fi ca tion of ex act so lu tion to a poly no mial func tion ig nored some phys i cal as pects of the real be hav ior of tem per a ture field. It is seen that the tem per a ture pro file for the sec ond de gree poly no mial tem per a ture pro file -eq. (11), al most over lap the ex act so lu tion at dis tances near the edge of the slab while it dif fers from the ex act so lu tion at lon ger dis tances. Also it is seen that the third de gree poly no mial tem per a ture pro file for the sec ond case -eq. (14-2), has a more sim i lar pro file to the ex act so lu tion re gard ing its length of the tem per a ture do main d and its shape but shows slight tem per a ture dif fer ences in the whole do main. The third de gree poly no mial tem pera ture pro file of the first case -eq. (14-1), is the least sim i lar pro file to the ex act one re gard ing its length of tem per a ture do main and its val ues at lon ger dis tances from the edge of the slab. Therefore, one can con clude that higher de gree poly no mi als do not nec es sar ily re sult in more ac cu rate tem per a ture pro files.
Fig ure 2 shows the lo cal non-dimen sional en tropy gen er a tion dis tri bution of the three in te gral so lu tions as well as the ex act so lu tion. It is seen that the en tropy gen er a tion shows a sim i lar trend for all so lu tions. In other words, the en tropy gen er a tion is in very low level in side the slab and in creases consis tently near the edge of the slab where higher tem per a ture gra di ents ex ist. This can be due to the higher heat fluxes at dis tances near the edge of the slab. Com par ing the two third de gree poly no mial tem per a ture profiles, one can no tice that at dis tances near the sur face, the dimensionless entropy gen er a tion pro file of the first case is more sim i lar in shape to the ex act pro file than the second case which is due to the ex tra bound ary con di tion ap plied at this re gion -eq. (13-1). Sim i larly, the dimensionless en tropy gen er a tion val ues for the sec ond case where the ex tra bound ary con dition is ap plied at d -eq. (13-2), is more sim i lar to the ex act val ues at lon ger dis tances from the edge of the slab.
The lo cal er ror of the dimensionless tem per a ture pro files is shown in fig. 3 . It is seen that all solu tions have more ac cu rate re sults at the be gin ning and the end of the tem per a ture do main which is due to the ex ist ing bound ary con ditions at these two re gions for all so lutions. Also, one can rec og nize that the third de gree poly no mial tem per a ture pro file for the first case overpredicts the tem per a ture val ues in most of the tem per a ture do main while the one for the sec ond case underpredicts the temper a ture. As for the sec ond de gree poly no mial tem per a ture pro file, it is seen that the val ues of max i mum er rors are less than the other two in te gral solu tions which can be counted as a good char ac ter is tic of this pro file. Ta ble 1 shows the val ues of the av er age er ror for the in te gral so lu tions as well as the val ues of nor mal ized en tropy gen er a tion. Con sid er ing the whole do main of so lu tion, it is seen that the third de gree poly no mial in te gral so lu tion for the sec ond case gen er ates the min i mum error among the three so lu tions while the one for the first case gen er ates the max i mum er ror. The same trend is ob served for the val ues of av er age nor mal ized en tropy gen er a tion. There fore, the sim i lar ity be tween en tropy gen er a tion and ex act ness of the ap prox i mate so lu tions can be used as a tool to pre dict the er ror of the ap prox i mate so lu tions when there is no ex act so lu tion avail able. 
Con clud ing re marks
The en tropy gen er a tion anal y sis of a one-di men sional steady con duc tion in a semi-infi nite wall with con stant tem per a ture at its sur face has been car ried out with an ex act so lu tion method as well as an in te gral method re sult ing in three ap prox i mate so lu tions. Based on this study, it can be con cluded that the nor mal ized en tropy gen er a tion rate be haves sim i larly to the av er age er ror. So, in more com pli cated cases when no ex act so lu tion is avail able, the nor mal ized en tropy gen er a tion rate can be used to ex am ine the ex act ness of a given so lu tion.
In ad di tion to other ap pli ca tions of en tropy gen er a tion anal y sis in thermo-fluid problems, from this work, one can rec om mend the anal y sis of en tropy gen er a tion as a pro ce dure for eval u at ing the so lu tion meth ods and es ti mat ing the er ror of ap prox i mate so lu tions in the field of ther mal prob lems. 
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